One of the ultimate goals of molecular electronics is to create technologies that will complement -and eventually supersede -Si-based microelectronics technologies . To reach this goal, electronic properties that mimic at least some of the electrical behaviors of today's semiconductor components must be recognized and characterized. An outstanding example for one such behavior is negative differential conductance (NDC), in which an increase in the voltage across the device terminals results in a decrease in the electric current passing through the device. This overview focuses on the NDC phenomena observed in metal-single molecule-metal molecular junctions, and is roughly divided into two parts. In the first part, the central experiments which demonstrate NDC in single-molecule junctions are critically reviewed, with emphasis on the main observations and their possible physical origins. The second part is devoted to the t heory of NDC in single-molecule junctions, where simple models are employed to shed light on the different possible mechanisms leading to NDC.
Introduction
One of the ultimate goals of molecular electronics is to create technologies that are not only complementary to currently Si-based microelectronics technologies, but also that will eventually supersede them [1] . Exploiting the notion that molecules can be effectively wired to bulk electrodes, researchers must start by recognizing and promoting the electronic properties that mimic at least some of the electrical behaviors of today's semiconductor components. To that end, the functional current-voltage (I-V) behavior entailed in the negative differential conductance (NDC) effect of molecular junction systems has been extensively studied not only for its counterintuitive nature, but also due to its wide array of potential future applications [2] [3] [4] [5] [6] [7] [8] [9] .
Used to depict essentially non-monotonic currentvoltage, NDC describes an uncommon property of certain electrical components, in which an increase in the voltage across the device terminals results in a decrease in the electric current passing through the device. In an ordinary resistor, in contrast, increases in bias always cause proportional increases in current. At the macroscopic level, the NDC effect is the principal feature of the I-V characteristics of resonant tunneling diodes, the bulk semiconductor devices pioneered by Esaki and his coworkers [10, 11] . In their work, the resonant tunneling of electrons was observed in a diode fabricated with double-barrier structures comprising a thin layer of small-gap material such as GaAs sandwiched between two GaAlAs layers with a wide gap between them (figure 1a) [10] . Resonant tunneling occurs when the carrier goes through an energy eigenstate of the well. However, the voltage bias not only shifts the chemical potentials, but also distorts the bands, inducing a shift in the position of the well resonant levels. The current maxima occur when the applied voltages to the barrier layers are such that the Fermi energy at the electrodes aligns with one of the states in the potential well (figure 1b), resulting in resonant tunneling which is manifested experimentally as peaks or humps in the tunneling current at voltages near the quasistationary states of the potential well. The NDC mechanism observed in Esaki's work established the theoretical basis and has been widely adopted in today's practical applications of bulk electronic devices, such as negative resistance oscillators, amplifiers and switching circuits [12] [13] [14] . In the past decade and a half, observations of NDC at the single-molecule level have revived interest in the NDC phenomenon and stimulated global research efforts driven by the desire to apply molecular NDC in molecule-based nanotechnology, such as molecular junction systems where it has recently been observed [7, [15] [16] [17] [18] . To mimic the mechanism of Esaki's resonant diode, molecular junctions comprising semiconductor materials as their electrodes -i.e., metal-moleculesemiconductor system -were developed to generate NDC phenomena [16, [19] [20] [21] [22] [23] [24] . This approach exploits the presence of a band-edge of heavily doped semiconductor material that strongly modifies the electron injection rate, leading to NDC when the molecular level shifts into the gap at the band-edge [24] .
Far from being a comprehensive review of NDC, this overview is limited in its focus to NDC in metalmolecule-metal junctions. Insofar as they are the ultimate limit of electronic nanotechnology [25] , with potential applications that extend far beyond electronic transport [26, 27] , such molecular junctions (M Js) have been rigorously studied over the past 15 years. As we will describe below in detail, NDC has been observed in M Js in many experiments and discussed in numerous theoretical studies. Our goal here, however, is not to provide a comprehensive survey of past studies, but rather, to focus on what we feel are the essential experiments and theories in this field, in the process providing the reader with a simple, physical picture of this fascinating phenomenon.
The structure of this paper is as follows. Section 2 is dedicated to a (partial) survey of the central experiments in the field divided according to experimental method. For each experiment, we focus on the central observations (and their possible physical origins) and address the study limitations. Section 3 is devoted to the theory of NDC in molecular junctions. Divided according to the various possible mechanisms for NDC, the section includes simple (almost toy) models that shed light on the different mechanisms. Each of the theoretical models presented is also associated with a relevant experiment discussed in Section 2. Finally, we conclude in Section 4 with some prospects for future work in the field.
NDC in metal-molecule-metal junctions: Experiments
Experimental attempts to observe NDC using molecular junctions comprising metallic leads have attracted great interest, and over the last decade this effect has been observed in a large variety of molecules, including organic and metallo-organic molecules and even DNA junctions [8, 17, [28] [29] [30] [31] . NDC is characterized by two important factors that can vary substantially across experiments. The first is the NDC voltage, namely , the voltage at which the current reaches a maximum. The second is the so-called peak-to-valley ratio (PVR), which is the ratio between the maximal (peak) and the minimal (valley) currents. Practically speaking, the NDC voltage should be as low as possible to minimize device power consumption while the PVR should be as large as possible.
Measuring NDC behavior using the nanopore technique
The experimental determination of molecular junction NDC was pioneered by Reed and coworkers [2, 3, 32, 33] , whose work at the turn of the century stimulated, in the fourteen years since, extensive experimental (and theoretical) exploration of this intriguing current-voltage behavior [2, 3, 32] . In the experiments of Reed et al., a series of single oligo(phenylene ethynylnene)s (OPE) molecules with different substitutions were studied (figure 2). OPE molecules are attractive targets for molecular electronics because 1) the relatively small HOM O-LUM O gap (~ 3eV) of the molecule confers on them efficient electron transport, and 2) the synthetic flexibility to alter their chemical moieties makes them good candidates for the study of substituent effects [34] . In the system of Reed et al., one terminal of each OPE molecule was thiolated to make contact with one of the metallic electrodes. The molecules were measured using a "nanopore" technique (figure 3a) that, it should be pointed out, involves the insertion of a large number of molecules into a junction structure, only one side of the contact interfaces of which is well defined by the covalent bond between the thiol group and the metal lead. In a study that used the "nanopore" technique, OPE molecules substituted asymmetrically by π-active groups with nitroamine redox centers (molecule 1 in figure 2 ) were reported to have a negative differential resistance (NDR) feature at an external voltage of around 2.2 V when measured at 60 K in a high vacuum (figure 3b) [2] . M easurements under this condition yielded a very sharp peak-to-valley transition with a PVR of 1030:1, the highest PVR of NDC reported within metal-moleculemetal junction systems. However, the peak current value and peak voltage show opposite dependencies on the increase in temperature, and the PVR nearly vanishes when the temperature reaches room temperature [2] .
Reed and colleagues performed further experiments at room temperature with several other molecules, and these also exhibited NDC features with relatively low PVR values of less than 2 [3, 32] . The observed degradation in NDC behavior with the increase in temperature is believed to be due to the increase in inelastic scattering at higher temperatures. NDC was also reported for the same conjugated backbone substituted only by the nitro group (molecule 2 in figure 2 ) at room temperature with a PVR of around 2:1 [3, 5] . In contrast, neither the backbone substituted only with the amino group on its central ring nor the unsubstituted backbone displayed NDC behavior [3] . These measurements highlighted the critical role of the redox center in generating the NDC signatures of molecular junction systems.
To explain the peak profiles of the substituted OPE molecules (molecule 1 and 2), two mechanisms have been proposed: 1) the NDC is related to a sharp conformational change associated with the twisting of the central ring due to the interaction between the electric field and the permanent dipole moment of the molecules, and 2) the electronic delocalization of the LUM O level of the molecules in their singly charged state is responsible for the current peak in the I/V characteristics [33, 35] .
By utilizing strong σ-bonds (such as CH 2 linkages in an oligomer structure), one can effectively introduce tunnel barriers into the junction. The transport barriers are CH 2 because alkyl units pose a larger electronic transport barrier in conjugated moieties [32] . Using the nanopore technique, NDC was also observed to appear at ~1.7 V for such a molecular structure (molecule 4 in figure 2 ) at room temperature with a PVR of ~1.5 [32] . However, given the great number of molecules involved in the junction structure constructed using the nanopore technique, it is difficult to determine how many of the molecules are actually being measured or how many are responsible for the resulting NDC behavior. Thus, the NDC measured in the system of Reed et al. may be elicited by the collective behavior of multiple molecular junctions. In addition, the asymmetrical definitions of the two junction contact interfaces at the molecule-electrode interfaces add further uncertainty to the system. Noticeably, the active NDC voltage for these substituted OPE molecules is relatively high (> 1.5 V), which suggests that they will also have correspondingly high power consumption. 
Measuring NDC behavior using the S TM technique
NDC behavior can also be revealed using a scanning tunneling microscopy (STM ) setup [4, 7, 15, [36] [37] [38] . It is necessary to note that the STM set up mainly involves two regimes: 1) STM tip in contact with target molecules [4] , and 2) tip without touching target molecules [15, 39, 40] . In figure 4a, molecular junction structure is constructed with a STM tip touching a self-assembled monolayer of target molecules. In contrast to measurements made using the nanopore technique, this STM setup exploit the apparatus' conducting tip as one of the electrodes and a metallic substrate as the other, a scenario in which, compared to the nanopore technique, fewer molecules in the junction structure need to be tested than for the nanopore technique due to the relatively smaller contacting area of a STM tip . Using this setup, self-assembled monolayers (SAM ) made of molecules 2 and 3 (figure 2) were reported to exhibit NDC behavior at around 3 V (for both molecules) when adsorbed on the gold surface and in contact with a platinum (Pt) STM tip (figure 4b) [4] . Using the same setup, SAM of 4-p-terphenylthiol molecules adsorbed on a gold (111) surface and in contact with a Pt STM tip also displayed tip-induced NDC behavior at a voltage magnitude of ~3.5 V under both bias polarities [7] .
However, the mechanism responsible for the NDC signal detected using the nanopore method cannot readily be applied to the STM experiments because of the difference in junction structure. For some cases, the narrow density of states (DOS) at the STM tip were proposed to be the cause for the observed NDC, and as such, the abrupt drop in voltage at the tip-molecule interface may be a critical determinant of I/V curve shape [4, 7, 41] . Interestingly, measurements of molecule 2 showed -under both the nanopore and STM measurement protocols at room temperature -that it has NDC behavior, but the amplitude of the active NDC voltage varied from 1 V measured using the nanopore technique to 2.3 V when measured using STM . In addition, the PVR value for NDC in the STM measurement scenario was much higher than that in the nanopore measurement environment [3, 4] . Thus, despite the significant role played by the nitro redox center, which is supposedly the principal reason that molecule 2 exhibits NDC in the nanopore measurements, the presence of the STM tip in STM junctions has a marked effect on the energy potential profile of the molecules being measured. Note, for example, that the active voltages associated with the NDC behaviors detected by STM measurements made at room temperature are still relatively high. M ore importantly, in the STM set up with tip in contact with molecules, the number of molecules being measured is typically unknown. Using the STM setup when the tip is maintained at a tunneling distance without touching the molecule, some experiments performed at low temperatures and under high vacuum conditions have shown promising NDC features [15] . For example, pyrrolidine (C 4 H 8 NH) molecules in a junction comprising an STM tip and Cu(001) surface measured at low temperature (9 K) and under high vacuum conditions exhibited NDC behavior [15] . Interestingly, unlike the high active NDC voltage found in other experiments carried out in high vacuums, for the pyrrolidine molecule, NDC occurs at a bias voltage of less than 0.5 V. The energy of 0.5 eV is of about the same order of magnitude as chemical bond energies, and thus, this NDC was believed to be vibrationally mediated behavior [15] . A scanning tunneling spectroscopy (STS) study using an ultra-high vacuum STM with a Pt-Ir tip showed that the bilayer of a C60 molecule deposited on a Au(111) surface at 7 K has NDC behavior [36] that is multilayer-specific. As such, NDC is not observed when tunneling into a C60 monolayer, a finding that was explained by voltagedependent changes in tunneling barrier height [36] . In that study [36] , the PVR (< 2) could be tuned by adjusting the tip-to-substrate distance. Another way to generate NDC in molecular junctions is to incorporate transition metal atoms in the molecular structure.
A low-temperature (5 K) STM study reported that a cobalt phthalocyanine (CoPc) molecule on a gold substrate exhibited NDC (figure 5) [40] . As shown in figure 5b , NDC was only found to occur for the Ni tip, an outcome that is a result of local orbital symmetry matching between the Ni tip and the Co atom. The NDC effect is reproducible, independent of tip geometrical shape, a finding that contravenes what is known about the mechanism that considers the narrow DOS of the tip apex. Another STM study performed at 12 K under high vacuum conditions by Tu et al. reported the transition (from the presence to the absence of NDC) of copperphthalocyanine (CuPc) molecules adsorbed on different layers of NaBr grown on a NiAl(110) substrate [18] . The NDC only occurs for one and two atomic layers of NaBr, and there is no NDC for individual CuPc molecules adsorbed on three layers of NaBr. This transition from the presence to the absence of NDC is explained as being due to the opposite bias dependence of the vacuum and NaBr barrier heights and the changing barrier widths for CuPc molecules adsorbed on different layers of NaBr [18] . It is important to note that, for the STM measurements, which locate regularly patterned molecules using molecular resolution images prior to the I-V measurements like those shown in figure 5a , the NDC can be attributed to the individual molecule residing at the site where current signal was measured. On the other hand, for those STM systems where molecules were standing on the substrate surface within a densely packed molecular monolayer instead of lay on the surface, it was still difficult to attribute the measured phenomena to specific molecules. As discussed above, the STM based measurements have made great contribution in measuring the NDC behavior of various molecules and understanding the underlying cause. Experimentalists are, however, facing difficulties in determining the exact number of molecules being measured using the STM setup with the tip in touch with target molecules. To put it simply, in this STM system, the NDC behavior was usually attributed to many molecules sandwiched between the tip and substrate, making it hard to recognize the contribution from individual molecules. For those measurements in which the STM tip has no physical contact with molecules, the molecule-tip interface involves a vacuum tunnel distance instead of a solidly-coupled contact through covalent bond between the molecule and tip. In addition, with target molecules adsorbed on only one of the electrodes via covalent bonds and a STM tip positioned above the molecule to be measured by setting a threshold tunneling current that controls the tip -to-substrate distance, it is not easy to perform large number of repeated measurements and the following statistical analysis which have been widely used to discover single-molecule behavior in single-molecule break junction technique.
Measuring weak NDC behavior using the singlemolecule break junction technique
Insofar as the nanopore and STM methods are not welldefined, single-molecule-level methods and numerous molecules may be involved in the transport process, neither technique can unambiguously attribute the measured electrical current to a single molecule. Precise measurement of single-molecule conductance is instead facilitated by the single-molecule break junction (SM BJ) technique, which works by repeatedly creating and breaking molecular junctions [42] . It also allows one to measure the current through an individual molecule under a bias sweep, namely , the I-V characteristics. In addition to its capacity to measure single-molecule-level I-V, the SM BJ technique also enables solid moleculeelectrode contact via covalent bonds on both sides of the junction, which markedly diminishes the uncertainty, typical in nanopore and STM measurements, at one of the molecule-electrode interfaces. Indeed, the SM BJ technique was recently exploited as a powerful tool to study NDC behavior at the single-molecule level [30, 34, [43] [44] [45] [46] [47] [48] .
Measuring NDC -STM break junction (STMBJ) technique:
Tao et al. reported that when sandwiched between Au electrodes at room temperature, the OPE-NO 2 molecule (similar to molecule 2 in figure 2, but with both terminals thiolated) exhibited NDC (figure 6) [34] . Although the NDC peaks occur at both positive and negative bias voltages of around ±2 V, their PVRs are markedly different. Typically, the PVR on the high current side of the junction is significantly larger than that on the low current side. Since the asymmetric I-V curves are correlated with the asymmetric location of the nitro moiety, Tao et al. attributed the NDC effect to the electro-active nitro moiety. It was also observed that the NDC peaks usually either decrease or diminish in the reverse voltage sweep, indicating the possible involvement of an irreversible redox process. Interestingly, the magnitude of the PVR measured via the STM BJ technique is comparable to that using STM but much larger than the value obtained using a nanopore technique. M ore importantly, NDC measured using STM BJ can be unequivocally attributed to the contribution of a single molecular junction with covalent bonds at both molecule-electrode interfaces, which is determined by a statistical analysis over large number of repeated measurements. The NDC effect of OPE-NO 2 molecules, therefore, is tremendously enhanced using the STM BJ technique, a finding that is likely due to the better contact coupling at each molecule-electrode interface that, in turn, gives rise to the NDC feature. This finding also highlights the crucial role of the moleculeelectrode contact interfaces in the electron transport properties of molecular junctions. 
Measuring NDC -Mechanically controlled break junction (MCBJ) technique:
Recent experimental measurements of a DNA duplex (10-nm long oligomer) showed that it has an NDC effect both in a vacuum and in aqueous solution [30] . Occurring at a relatively high active voltage (2~3.6 V) with a PVR value of around 3 in solution, the NDC behavior of the DNA was attributed to the formation of a polaron, which reorganizes the conducting material at the molecular orbital level (see, e.g., [49] ). Additionally, the bias voltages for the NDC peaks were observed to shift to lower biases when the junction was exposed to vacuum conditions, a finding that was explained by the increase in polaron level in the absence of the polarization effects that originate from the water and the ions in solution. Polaron models were also used to explain the NDC behavior of molecules with active redox centers in which electrons can be trapped [30, 50, 51] .
The largely observed relatively high active voltage and/or low PVR are central drawbacks to overcome.
Recently, Perrin et al. reported a low bias voltage and a large NDC for a molecule consisting of two conjugated arms connected by a non-conjugated segment under high vacuum at low temperature (6 K) (figure 7) [44] . In their study, the PVR was found to be as large as 15, an unusually high value for a single-molecule device. The mechanism of this NDC is attributed to the intrinsic molecular orbital alignment of the molecule. The low temperature and high vacuum condition may be the major reason of the high PVR as they greatly diminishes the influence of thermo motion and the effects of water and ions in solution, which also makes it perfect for experimental measurement. However, this condition is not applicable for future use of the molecular NDC device. To mimic the daily use of current by a commercial electronic device at room temperature, it is important to explore the low-bias NDC feature of the single-molecule junction under normal conditions (room temperature and normal atmosphere). 
Measuring NDC -conducting atomic force microscopy break junction (CAFMBJ) technique:
Recently, Zhou et al. used the CAFM BJ technique to study the room temperature NDC effect of a molecular junction with a thiol terminated Ru(II) bis-terpyridine (Ru(tpy-SH) 2 ) molecule sandwiched between gold electrodes (figure 8a) [43] . The detailed control of the molecular junctions and the simultaneous measurements of force and conductance revealed new insights into single-molecule NDC behavior. First, NDC behavior is intrinsic to the Ru(tpy-SH) 2 molecule. Second, for the Ru(tpy-SH) 2 molecule, the NDC only occurs for a specific contact configuration (G M ), but not for the other two contact configurations (G L and G H ) (figure 8b). Third, the observed NDR for the specific contact conformation (conductance of G M ) is also the result of bias-induced coupling changes (as shown in figure 9 ), such that the greatest change in force happens at the bias where NDR is observed. The force changes agree with the measurements of electrode interface of single molecule junctions performed by controllable mechanical modulations [52] [53] [54] , indicating that the force changes are it is likely caused by molecule-electrode coupling changes induced by the bias. It is also possible that the conformational relaxation of molecular junctions is caused by the bias-induced twist of molecular structures, or by bias charging on the redox active center, as in the polaron model [50, 55, 56] . The underlying mechanisms of the conformational changes observed in our system under specific bias conditions, however, still require further systematic study, sp ecifically with respect to theoretical calculations. To the best of our knowledge, Ref. [43] is the only experimental study to report a room temperature, low-bias NDR of a single-molecule junction, such that the NDC occurs at a relatively low bias voltage of around 0.6 V with a PVR of around 1.5. In addition, the room temperature condition implies potentially wider applicability. 
S ummary of experimental overview
The experimental exploration of molecular NDC behavior -stimulated by the pioneering experiments of Reed et al., who measured a large PVR ratio (1030:1) using the nanopore technique [2, 3, 32, 33] -has undergone significant development in the past fifteen years. Specifically, the capability to determine singlemolecule behavior and to better characterize that behavior at the molecule-electrode contact interfaceboth of which are results of the advent of the singlemolecule break junction technique [30, 34, 43, 44] have greatly advanced the field of NDC measurements. Early NDC measurements, which yielded large PVR ratios, were done using the nanopore and STM techniques at low temperatures under high vacuum conditions [2] . Unfortunately, the same molecule measured at room temperature usually displays a very small PVR (< 2) at a relatively high active voltage (> 2 V). Considering that a potentially large number of molecules may be involved in the transport process, the contribution made by each individual molecule to that process could be trivial. The development of the singlemolecule break junction technique, however, has elucidated the NDC behavior of numerous specific molecular junctions [30, 34, 43, 44] . Although the mechanisms of some NDC behaviors are not fully understood, single-molecule measurements have revealed some of the defining characteristics of NDC, such as low bias and large PVR, which shed light on the nature of molecular NDC. This progress notwithstanding, experimentalists are now confronted with a technical bottleneck as they seek to develop low-bias, room temperature NDC behavior with a more satisfactory PVR value. M eeting this challenge will require both the perfect synthesis of more appropriate candidate molecules and the ability to maintain greater control over molecular junction systems.
Theoretical approaches to NDC in metalmolecule-metal junctions
In this section we present an overview of the central theoretical explanations and approaches to NDC in molecular junctions. As pointed out in the introduction, this is not meant to be a comprehensive and detailed review, but rather a review of the central mechanisms, demonstrated via simple and physically transparent models, which have been suggested and discussed theoretically to explain NDC.
Calculation approaches
We briefly describe the two principal methods for calculating currents and addressing NDC in molecular junctions (interested readers are referred to one of several recent textbooks devoted to the theory of transport in molecular junctions, e.g., [25, 57] ). The non-equilibrium Green's function (NEGF), probably the most popular method, was developed in the 1990s to address transport through quantum dots [58] , but since then, it has been widely applied in transport through molecular junctions [25, 57] . At its core is the division of the system into three separate regions comprising the left electrode, the right electrode, and the central region (sometimes referred to as the molecular bridge). The electrodes are assumed to be non-interacting and to function as metallic electron reservoirs. Based on this division, the Hamiltonian of the system can be written as .
where and describe the left and right electrodes, respectively, and are typically given by
where ( ) are the annihilation (creation) operators for electrons in the electrodes. describes the central region, which is usually the part that encodes the system's physical characteristics that, in turn, dominate the transport properties. For instance, can include molecular orbitals, electronelectron interactions, phonons, electron-phonon interactions and more. In many cases (and especially when ab-initio calculations are involved), includes not only the molecular bridge, but also some finite part of the metal electrodes themselves to account for the effects of the molecule-metal interface. In the simplest case, includes a set of molecular orbitals and is of the form
where ( ) are annihilation (creation) operators for electrons in a molecular level with energy . M olecule-electrode coupling is then described by
The Hamiltonian of Eqs. 1-4 is the "standard model" for transport through molecular junctions [25, 57] . Once the Hamiltonian is written down, the current through the junction is given by
where e is the electron charge, h is Planck's constant, are the Fermi distribution functions of the left and right electrodes such that (
( is the electrode chemical potential, is the bias, is the Bolzmann constant, and is the temperature), and are the coupling matrices from the left/right electrode states to the molecular states given by ∑ ( ) . are, respectively, the so-called retarded, advanced and lesser Green's functions of the molecule, and they are Fourier-transformed timeordered correlation functions of the molecule in the presence of electrodes. These can be very hard to calculate, however, and as such, they can be evaluated exactly in only a few limiting cases. If the two electrodes are symmetrically coupled to the molecule, the expression for the current simplifies to
in which the term ( ) can be identified with
Landauer's transmission function ( ), leading to the famous Landauer expression
The external bias enters the calculations through the Fermi functions of the electrodes due to the shifts in their chemical potentials, but this is not enough to fully explain NDC, and it is clear that to obtain a nontrivial effect, the transmission function should also depend on bias. The mechanisms that give rise to such dependence are the focus of this section.
Another method typically used to study transport in molecular junctions entails the rate equations [59] [60] [61] [62] [63] [64] [65] , an approach that is applicable only when the moleculebridge coupling is weak (i.e., at the sequential tunneling limit) and at relatively high temperatures. In this approach, the molecular states (in the many-electron Fock space and found from the Hamiltonian of the molecular bridge ) are labeled according to their probability of occupation . The rate equations can be considered as a classical limit of the more general quantum master equations approach to transport (see, e.g., [66] [67] [68] [69] , which include not only the probabilities , but also coherences between states, represented by the full density matrix. At high temperature, inelastic and environment effects (e.g. dephasing and decoherence) reduce the coherences (off-diagonal elements of the density matrix). The transport properties then depend solely on the diagonal elements of the density matrix, which are the probabilities .
The probabilities obey the rate (or master) equations,
where is the ( ) element of the rate matrix that describes the rate of transfer from state to state . If this transition is due to electron transfer from the electrodes (i.e., has one electron less than ), then will include the relevant Fermi distributions and will have the form
where is the rate at which the molecule-electrode interface is crossed, and is the difference in energy between the two molecular states. If the transition is due to electron transfer to the electrodes, then the rates will be
Once the rate matrix has been determined, the rate equation ̇ can be solved, and the steady -state solution is the kernel of . From the definition of the current operator ̂ ̂ and from the relation between the total charge on the molecule and the probabilities, one can obtain the expression for the current from the steady-state solution . As in the NEGF approach, the bias voltage appears in the Fermi functions of the left and right electrodes, but it may also have a direct effect on the Hamiltonian or the transition rates, as will be discussed below.
In recent years, advances in computing capabilities have facilitated the development of various computational approaches -e.g., density-functional theory (DFT) to generate realistic descriptions of molecular junctionsthat complement the above methods and increase their applicability. For example, the most common combination, the so-called NEGF-DFT approach, is used to calculate Green's functions and couplings based on the appropriate Kohn-Sham orbitals (see, e.g., [25, 57, [70] [71] [72] ). Despite its several important (and possibly critical) flaws [57, [73] [74] [75] , however, NEGF-DFT has become a standard method in the field of molecular junctions, where in many cases it has generated significant insight into the physical origins of transport phenomena.
Bias-induced changes in molecular orbitals
We begin with what seems to be the simplest and most common explanation for NDC in molecular junctions: bias-induced changes in the molecular orbitals. When a voltage bias is applied to a molecular junction, there is a voltage drop between the two electrodes. Because the voltage drop occurs where the resistance is largest, one expects most of the drop to occur on the end-groups connecting the molecule to the electrodes, and this is, indeed, typically the case. If the molecule is strongly coupled to the electrodes, however, then it will also experience a substantial drop in its voltage. This will add to the Hamiltonian an additional potential term ̂( ) that will depend on the atomic positions and on the applied bias. The bias dependency of the Hamiltonian dictates that Green's functions and the transmission function will also be bias dependent [76, 77] .
Using simple examples (below), we show that the typical scenario depicts the transmission function ( ) (now a function of energy and bias) as decreasing with increasing bias. This decrease competes with the increase in the current due to the increase of the integration range (i.e., the Fermi window) in the current formula (Eq. 3), which is a result of the Fermi function difference. If the decrease in the transmission is fast enough to overcome the increase in the Fermi window, the current will decrease while the voltage increases, thus leading to NDC. This scenario has been observed theoretically many times [35, [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] .
To give an illustrative example, we consider a simple, tight-binding model for a linear chain with atoms. In a real-space description, the system is modeled by the noninteracting spinless Hamiltonian connected at sites and to external electrodes,
where ( ) annihilates (creates) an electron on the atom at position .
The electrodes are assumed to have a constant density of states (DOS) and a resulting energy-independent constant, imaginary only, known as self-energy (the socalled wide-band approximation [91] ). The voltage drop across the molecule is characterized by a parameter that sets the ratio between the total voltage drop and the actual voltage drop on the molecule. With this parameter, an additional term is added to the Hamiltonian of the form
which guarantees that the potential is at the leftmost site and at the right most site, with an overall voltage drop of across the molecule.
We start with the simplest possible example, a single molecular orbital (i.e., ). In this case the transmission function is a shifted Lorenzian,
where is the electrode-induced level broadening (which we assume is symmetric). Eq. 12 already demonstrates the mechanism responsible for NDC: as the voltage increases, the effective position of the molecular resonance is shifted away from the Fermi level, a process which competes with the increase of the Fermi window.
The Fermi functions at zero temperature become stepfunctions, and the integral can be evaluated analytically, yielding
) .
NDC will occur if ( ) has a maximum in . Simple algebra reveals that ( ) has a maximum at √ , implying that NDC occurs only for .
That is, when the voltage drop on the molecule is large enough, the position of the energy level shifts with to compensate for the Fermi window opened by the integration over the Fermi functions, and the current can decrease with voltage.
However, this is neither a generic nor a universal feature. In fact, already for (for which the current can also be calculated analytically, albeit via more tedious algebra) one finds that there is always a maximum for ( ). In figure 10 model for NDC is its failure to correctly take into account the voltage drop. In realistic systems, the voltage drop is associated with the electron density ( ) across the molecule through the Poisson equation ( ) ( ) ( ) (where ( ) is the permittivity). Therefore, one must calculate self-consistently the density (which can be evaluated with the use of the lesser Green's function, for instance, or using the rate equations) and the potential drop. This type of self-consistent voltage calculation has been implemented in various DFT-based transport calculations [70-72, 92, 93] .
To demonstrate here the role of self-consistency between the potential and density, we follow the approach of M ujica, Roitberg and Ratner [77] , who discretized the Poisson equation for the simple-tight-binding molecular model. The resulting equation for the voltage drop reads
where is the inter-atomic distance and is the deviation of the density on the -th site from the equilibrium, zero-bias state. We consider a molecule of length , with eV, eV and eV. The local electronic density ( ) is evaluated using the lesser Green's function according to ∫ ( ), where Green's function is evaluated self-consistently with Eq. 14. The characteristics are plotted in figure 11 for temperatures K (left) and K (right). Two features are readily apparent: the first is the NDC, which occurs as in figure 10 , due to the change in the position of the electronic resonance with the voltage drop. A second feature, apparent only at low temperature, is the presence of hysteresis, that is, differences in the curves when scanning toward the positive bias (blue curve) vs. when scanning toward the negative bias (orange curve) (scanning direction indicated with arrows). Hysteresis implies bistability, which is due to the non-linear relation between the potential drop and the density. curves for a molecular junction with a voltage drop determined self-consistently with the density (Eq. 14) for temperatures K (left) and K (right). In addition to NDC, there is hysteresis due to density bistability arising from the non-linear relation between the bias and the density.
The bias can induce changes not only in the molecular orbital, but also in the coupling between the molecular levels and the electrode, which can also lead to NDC. To simply demonstrate this outcome, we again look at the Hamiltonian of a simple chain, Eq. 10. However, here we begin by diagonalizing the molecular Hamiltonian , which now takes the diagonal form ∑
The molecule-electrode part of the Hamiltonian is now given by
where now ( ) ( ) and ( ) ( ), in which ( ) comprises the wave-functions that diagonalize the molecular Hamiltonian. This implies that level-broadenings (i.e., the imaginary-parts of the selfenergies of the electrodes) from the left and right electrodes will (i) become non-symmetric, and (ii) be normalized by ( ) and ( ) , respectively. When voltage drops on the molecule (as in Eq. 11), it will affect the wave-functions, which, in turn, subsequently affects the self-energies and the transmission function.
In figure 12a , the square of the wave-function ( ) is plotted as a function of position for a chain of length (other parameters are the same as for figure 10 ) for different voltage bias values ( ; we set ) We choose the molecular level, which is the HOM O level for a half-filled molecule, but the results are similar for all states. As seen, due to the voltage drop, the wave-functions develop a distinct leftright asymmetry and show a strong (exponential) decrease of the weight of the wave-function on the leftand right-most edge sites (note the logarithmic scale). In figure 12b , the orbital weight on the left-most site ( ( ) ) is plotted as a function of voltage drop for different molecular lengths.
This change in the molecular orbitals implies that the level broadening, even in the wide-band approximation, decreases exponentially with voltage bias. The curves of a molecule with length (all parameters are the same as in figure 12a ) for two cases show the effect of this decreased coupling on current ( figure 13 ). In the first case (dashed blue line), the self-energy is kept constant (as in figure 10 ). In the second case, the selfenergies are renormalized according to | | , in accordance with the arguments above. As can be seen, taking into account the bias-induced change in the molecule-electrode coupling leads to NDC. The explanation is straight-forward: the width of the transmission bias is proportional to , and a broader transmission yields larger currents. Therefore, the reduction of with bias competes with the increase of the Fermi window, leading to a maximum in the current and to NDC. This is, of course, a simplified picture of the dependence of coupling on bias voltage. This mechanism was recently revealed as a possible origin of NDC, where the presence of both the voltage bias-induced field effect along the molecule and Coulomb interactions (considered within a DFT calculation) showed that mixing between various orbitals induces changes in the coupling between the orbitals and the electrodes [94] .
Electron-phonon interactions
Galperin et al. [49, 95] suggested a different mechanism for NDC based on electron-phonon coupling. The general idea is that the electronic orbital energy (and possibly the coupling between the molecular orbitals and the electrode states) renormalize due to the electronphonon coupling. This renormalization depends on the electron occupation and, therefore, on bias voltage. In certain parameter ranges, the renormalization is such that it reduces the transmission function with increasing bias, and the end result is NDC. 
where and (and their adjoints) are annihilation (creation) operators for electrons on the molecule, electrons in the electrodes, a phonon on the molecule (socalled primary phonon) and bath vibrations, respectively .
are electronic energies in the molecule and electrode, respectively, and are vibrational frequencies for the molecular phonon and bath phonons respectively. is the molecule-electrode coupling, is the molecular phonon-bath phonon coupling, and is the molecular electron-phonon coupling. This is the "standard model" in the study of the vibrational effects on transport through molecular junctions [25, [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] .
The authors then employ a series of approximations, including a Born-Oppenheimer approximation, which essentially decouples the electron and phonon dynamics (due to the very different time-scales involved in the motions of these two particles), a wide-band approximation for the phonon bath and electronic states in the electrodes, and a mean-field approximation for the phonon operators. These approximations, described in greater mathematical rigor in [80] , lead to a very simple renormalization of the molecular level,
where is the electron density on the molecule, and it is, as described in section 3.2, bias dependent.
The calculation of the density (evaluated from the lesser Greens' function in the presence of bias) and the renormalized molecular energy should be performed selfconsistently. As in the case of the Poisson equation, this self-consistent calculation can have multiple solutions, pointing to a bistability and a resulting NDC and hysteresis. Figure 14 , reproduced with permission from Ref. [49] , shows the curve, where the NDC is visible, and strongly resembles the experimental results by Tour et al. [2] displayed in figure 3. M ore insight into the origins of NDC as possibly from electron-phonon coupling can be obtained by looking at the so-called Lang-Frisov polaron transformation for the Hamiltonian of Eq. 16, which for simplicity lacks the interaction with bath phonons (i.e., ) [108, 109] .
For this aim, one defines the operator [ (  ) ]. The transformed Hamiltonian ̃ now reads
where
) and ̃ ( ) . In the absence of electrodes ( ) the solution fully eliminates the electronphonon interaction, but when electrodes are present, is non-zero, and its optimal value can be evaluated using a M onte-Carlo variational calculation. For finite , it is clear that the local energy will depend on phononoccupation that, in turn, will depend on the electron occupation. Similar to the case presented above, voltage bias will then induce a change in the molecular occupation that will cause a shift of the effective molecular orbitals, thereby resulting in NDC. Recent investigations of this effect, also with the presence of electron-electron interactions in the molecule, revealed a delicate balance between Coulomb interactions and polaron formation [56, [110] [111] [112] [113] .
Coulomb effects
Thus far, the theoretical discussion has been limited to non-interacting electrons, and the Coulomb repulsion between electrons was discarded. However, the Coulomb repulsion may be a dominant factor in molecular junctions, leading to effects such as the experimentally observed Coulomb blockade [114, 115] . As discussed below, Coulomb interactions can also lead to NDC via several possible mechanisms.
Coulomb Blocking:
NDC due to Coulomb interactions -and specifically, Coulomb blocking -was suggested by M uralidharan & Datta [60] . Consider a molecular junction, generically modeled by its HOM O and LUM O levels. The Fock space description of the molecular junction will then include four states, and , corresponding respectively to an empty molecule (i.e., an electron removed from the HOM O), a molecule singly occupied by an electron in the HOM O, a molecule singly occupied by an excited electron in the LUM O, and a doubly -occupied molecule whose electrons occupy both the HOM O and the LUM O. The total energy of these states is then and , respectively. The Coulomb energy is the shift in the LUM O energy due to the presence of an electron in the HOM O, the result of the Coulomb repulsion between the two electrons. The energy difference is referred to as the optical gap, is referred to as the "fundamental gap" or the "transport gap", and the difference between the two gaps is the so-called exciton binding energy [116] . This model is depicted in figure 15 , where the HOM O and LUM O levels of a bipyridyl-dinitro oligophenylene ethynylene (PBDM ) molecule are shown, as calculated by DFT (adapted with permission from [117] ). These orbitals are localized on the molecular bridge and couple differently to the electrodes, leading to the effective two-level model described above and schematically depicted in figure 15 . Considering the case in which the Coulomb energy is large, the doubly-occupied state is practically unimportant, as its energy is much higher than that of the LUM O level, and the molecular junction can be practically described with three levels. In the simplified picture of weak coupling (Eqs. 7-9), the coupling to the left (L) and right (R) electrodes is described by the transfer rates of electrons from the HOM O and LUM O levels to the L and R electrodes, . Let us first discuss the case of equal transfer rates (depicted in figure 15 ) with the numerical parameters eV, eV, eV, and eV.
At zero bias, the HOM O level may or may not be occupied, depending on whether it is below or above the electrode's Fermi level (here we describe only the first case, i.e., below electrode Fermi level, but the process is similar for both cases), and the LUM O level is unoccupied. Once a voltage bias is applied, the Fermi window opens, and the LUM O level begins to fill as the left electrode's chemical potential reaches it. Since the two levels cannot be occupied simultaneously (because of the Coulomb charging energy), the increased occupation of the LUM O induces a decrease in the HOM O occupation (see figure 16a) . However, because the HOM O and LUM O are coupled equally well to the electrodes, they become equivalently populated.
To relate occupation to transport, we show that transport through the levels occurs when an electron hops onto a level from one electrode and then off that level to the other electrode. Since only one electron can occupy the level at any given time, on average the current will be proportional to the occupation of the level (or specifically, to the difference between the occupation at finite bias and the occupation at equilibrium),
.
Therefore, although the current through the HOM O level decreases (figure 16b), it is compensated by the increase in current through the LUM O, such that the total current increases. This general feature is apparent when the couplings between the levels and the electrodes are of similar magnitude.
However, the situation is completely different if the LUM O level is only weakly coupled to the drain electrode (the electrode with the lower voltage; the right electrode in this example). In this case, once the voltage reaches the LUM O level, it again begins to fill. However, because it is now harder for electrons to leave the LUM O level (due to its weak coupling to the drain electrode) and because double-occupation is still forbidden due to the Coulomb repulsion, the HOM O level begins to empty of its electrons at a faster rate than the LUM O level, resulting in depletion of the former level. This can be seen in figure 16c , where the same calculation is performed as in figure 16a , with the only change being In this scenario, the excited level is called a "blocking state", the resulting current through which is not enough to compensate for the reduction in current due to HOM O level depletion, and therefore, the overall current decreases with increasing current (figure 16d), leading to NDC behavior.
The authors of Ref. [60] present very general conditions for the occurrence of Coulomb-blocking induced NDC, which depend on the direction of the bias. In the case described above, for instance, the condition is the somewhat intuitive . Recently, this mechanism for NDC was generalized to any situation in which there are two conduction channels, such that the conduction of one channel depends on the occupation of the other (as in the case of the blocking state). The oxidation states in so-called redox molecular bridges are one example, and the roles of fluctuations and reorganization were discussed in detail [28, [117] [118] [119] [120] . Interestingly, this phenomenon was also observed in other nano-scale junctions, for instance, STM -based junctions with metallic shell structures [121] .
Coulomb interactions with electrode electrons:
Another Coulomb-interaction mechanism that can lead to NDC comprises the interactions between the molecular bridge electrons and electrons on the electrodes. Such molecule-electrode Coulomb interactions may induce an asymmetry (that then leads to NDC via the mechanism described above), renormalize the molecular levels, or change the molecule-electrode couplings [94, [122] [123] [124] [125] .
It is first important to note that in many calculations, all interaction effects related to the electrodes are typically neglected, and the electrode electrons are considered to be non-interacting [25, 57, 58] . This approximation is typically justified by the claim that interactions in the electrodes are screened, but in molecular junctions and close to the interface, this may not be the case [126] .
Simply put, interface Coulomb interactions can be understood as an electrostatic image-charge effect. When a point charge is placed between two parallel plates, it feels an electrostatic potential due to the formation of image-charges in the electrodes, which are nothing but Coulomb-induced redistributions of the charges in the metal. In the limit of infinite perfect plates separated a distance from each other and a point charge placed at distance from one plate, the image charge potential is
where is the charge on the molecule, ( ) is the Euler's harmonic number, and and are in nanometers. Assuming that the central charge is between the plates (i.e., ) yields . This potential shifts the position of the molecular orbirtals, leading to a density-dependent transmission function as in Eq. 12 and resulting in NDC. In longer molecules, a similar situation may develop, with the difference that the image charge potential is not uniform along the molecule. This, in turn, will affect not only the energy but the orbitals themselves -and consequently, the coupling between the orbitals and the electrode states -again resulting in NDC. Finally, a local shift in orbital energy can also arise from the Coulomb interaction between the electrons on the molecule and those in the surrounding solvent [127] , with the end result very similar NDC behavior to that experimentally observed (figure 3).
3.4.3
Excitonic coupling across the interface: Recently, a different mechanism for weak NDC based on a combination of excitonic interaction (as in Coulomb blocking) and interface Coulomb effects was suggested [128] . In this scenario, when an electron hops from the bridging site to the molecular bridge (say , the LUM O), it leaves a hole behind. The Coulomb attraction between this hole and the electron on the molecule bind them into an electron-hole pair (i.e., exciton) bound to the molecule-electrode interface (depicted in figure 17 ). The presence of the bound exciton renormalizes the molecule-electrode coupling and leads to NDC. To model this, we use the standard molecular Hamiltonian of Eqs. 1-4, together with an additional interaction term
where ̂ is the density operator on the molecule, and ̂ are density operators for electrons on the left and right electrodes, specifically on the atoms closest to the molecules (the so-called bridge atoms, figure 17) . A mean-field decoupling of results in an effective coupling between the molecule and the electrode levels of the form
where is the electron spin, and creates an electron on the bridge atoms closest to the molecule on the left/right electrodes. Assuming a constant DOS in the electrodes (the wide-band approximation), the effective level broadening that appears in Eq. 5 becomes ̃ , where ̃ , where ∑ is the exciton amplitude. Calculable within the NEGF formalism, depends on the Fermi distributions of the left and right electrodes and, therefore, on bias. Consequently, the effective molecule-electrode coupling becomes bias-dependent. In figure 18 , the coupling (red) and current (blue) are plotted as a function of bias. The coupling is found to be non-monotonic, with a maximum close to the bare transmission resonance. Consequently, the current shows NDC behavior. A comparison of these results with figure 9a shows excellent qualitative agreement. Furthermore, this understanding can explain why the NDC is evident only for intermediate couplings, as observed in Ref. [43] , which is due to two competing processes, namely, the reduction of the interface Coulomb repulsion and reduction of the bare moleculeelectrode coupling for increasing molecule-electrode distances. 
S ummary of theory overview
Rather than serve as an "inventory" of past studies, this section exploits the available theories to provide a clear picture of the possible mechanisms of NDC. We divided the possible mechanisms into three groups based on NDC induction, namely, from the bias voltage drop on the molecule, from interactions between electrons and phonons in the molecular bridge, and from various forms of Coulomb interaction, either in the molecular bridge or between the electrons on the molecule and those on the electrodes. While all three mechanisms reflect changes in the molecular junction, other possibilities, such as the narrowing of the density of states of the tip apex in STM measurements, have also been suggested [7, 36, 90] .
It is possible that actual experiments will show that more than one of these mechanisms is at work simultaneously in any given scenario. However, to improve the designs of future molecular junctions exhibiting NDC by incorporating higher PVRs and lower NDC voltage bias onsets, the dominant NDC mechanism in any given experimental setup must be fully understood. To that end, in Table 1 we summarized two important experimental findings vis-à-vis NDC -namely, whether hysteresis is present and the degree of temperature dependence of the NDC -for different mechanisms. However, this list is partial, as temperature dependence and the appearance of hysteresis were not investigated for all the NDC mechanisms. These features can be easily tested experimentally to distinguish between the different mechanisms, and as such, they can be used to interpret future experimental results. Electron-phonon coupling Strong [49] Yes [49] Coulomb blocking Weak Yes [117] Exciton coupling
Weak [128] None [128] 
Concluding remarks
The plethora of both theoretical and experimental works in the field of NDC has generated vast amounts of interesting, useful and even controversial information about the NDC phenomenon in metal-molecule-metal junctions. In this overview, we sought to clarify and simplify the overall theoretical and experimental picture of NDC in metal-molecule-metal junctions. It is clear that the road to definitively clarifying the origin of NDC via experiments -a necessary step in the design of future NDC molecular devices -is still very long, but the collaboration of both the theoretical and experimental NDC communities will facilitate this endeavor.
From the experimental perspective, although specific organic molecules with advantageous NDC properties have been identified, they are usually plagued by reliability and stability issues. At the root of the problem may be the nature of molecule-electrode contacts and the experimental conditions, i.e., how the measurements are made, the effects of both of which can easily mask the inherent characteristics of these molecules. Therefore, NDC experiments should incorporate more experimental controls ("knobs") (e.g., temperature, asymmetric contacts, and electrochemical), which will enable researchers to maximize the amount of information they obtain. M eanwhile, because we lack a fundamental physical understanding of NDC, great care must be exercised in attributing mechanisms to, and constructing models of, the observed NDC behaviors, thus dictating the need for critical control experiments. Once we fully understand the NDC mechanism, studies of reliability, including a thorough investigation of all conceivable failure mechanisms, and the subsequent development of optimization steps to correct them, can follow.
On the theoretical side, studies based both on computational methods (such as DFT) and on theoretical modeling have provided a great deal of insight into the possible mechanisms of NDC. However, we feel that despite the progress and the wealth of knowledge that has been amassed, two areas of research in this field are, to some extent, deficient. First, a more detailed comparison between theory and experiments should be provided. While such comparisons have effectively become standard in studies of, e.g., conductance, thermopower, and force spectroscopy, they are still lacking in NDC studies of molecular junctions. This may be due to the need to address fluctuations theoretically, as experimental data is always statistical in nature. However, this task may be difficult, because the fluctuations potentially have multiple origins, such as thermal fluctuations or structural instabilities. Second, as was pointed out above, it is plausible that several NDC mechanisms operate simultaneously. To distinguish between them, theory should attempt to provide more concise predictions and, when possible, suggest "smoking gun" experiments to unambiguously distinguish between the various mechanisms.
None of these tasks is easy, and the experimental and theoretical challenges are considerable. Theoryexperiment collaboration in this topic is, in our opinion, essential in overcoming them and elucidating the physical mechanisms governing NDC in molecular junctions. In our view, NDC in molecular junctions is a perfect example where understanding of fundamental physical processes is required to gain any possibility of technological applicability.
